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Abstract

Usingalternativecacheindexing/hashingunctionsis a popular
techniqueto reducecon ict missedy achieving a more uniform
cadhe accesdistribution acrossthe setsin the cache Although
variousalternativehashingfunctionshavebeendemonstatedto
eliminatetheworstcasecon ict behavioynostudyhasreally an-
alyzedthe patholgjical behaviorof sud hashingfunctionsthat
oftenresultin performanceslowdown.In this paper we present
an in-depthanalysisof the patholajical behaviorof cache hash-
ing functions.Basedon the analysis,we proposetwo new hash-
ing functions:primemoduloandprimedisplacementhatare re-
sistantto patholgyical behaviorandyetare ableto eliminatethe
worst casecon ict behaviorin theL2 cache We showthatthese
two schemeganbeimplementedn fasthardware usinga setof
narrow add opemtions,with negligible fragmentationin the L2
cache Wk evaluatethe schemeson 23 memoryintensiveappli-
cations.For applicationsthat havenon-uniformcache accesses,
both prime moduloand prime displacemenhashingachieve an
avelage speedupf 1.27 compaedto traditional hashing with-
out slowingdown any of the 23 bentimarks. e also evaluate
usingmultiple primedisplacemenhashingfunctionsin conjunc-
tion with a skewed associativel.2 cacdhe The skewed associa-
tive cache achievesa betteraveiage speedupat the costof some
patholaical behaviorthat slowsdownfour applicationsby upto
7%.

1. Intr oduction

Despitethe relatively large size and high associatiity of
theL2 cachegon ict missesareasigni cant performance
bottleneckin mary applications.Alternative cacheindex-
ing/hashingunctionsareusedto reducesuchcon icts by
achieving amoreuniformaccesslistributionacrosshelL1
cachesets[18, 4, 22, 23], L2 cachesets[19], or the main
memorybanks[14, 10, 15, 16, 20, 8, 7, 26, 11]. Although
various alternatve hashingfunctions have beendemon-
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stratedto eliminatethe worst casecon ict behaior, few
studies,if ary, have analyzedthe pathologicalbeharior
of suchhashingfunctionsthat oftenresultin performance
degradation.

This paperpresentsan in-depthanalysisof the pathologi-
cal behavior of hashingfunctionsandproposegwo hash-
ing functions: prime moduloand prime displacementhat
areresistanto thepathologicabehaior andyetareableto

eliminatethe worst casecon ict missesfor theL2 cache.
The numberof cachesetsin the prime modulo hashing
is a prime number while the prime displacemenhashing
addsan offset, equalto a prime numbermultiplied by the
tag bits, to the index bits of an addresgo obtaina new

cacheindex. The prime modulohashinghasbeenusedin

software hashtables[1] andin the BorroughsScienti c

Processof10]. A fastimplementationof prime modulo
hashinghasonly beenproposedor Mersenngrimenum-
bers[25]. SinceMersenngrimenumbersaresparsdi.e.,

for most arenot prime), usingMersennegrime
numberssigni cantly restrictsthe numberof cachesets
thatcanbeimplemented.

We presentan implementatiorthat solvesthe threemain
dravbacksof prime modulo hashingwhenit is directly
appliedto cacheindexing. First, we presenta fasthard-
waremechanisnthatusesa setof narrov add operations
in placeof atrueintegerdivision. Secondly by applying
the prime moduloto the L2 cache the fragmentatiorthat
resultsfrom not fully utilizing a power of two numberof
cachesetsbecomesgyligible. Finally, we shov animple-
mentationwherethe lateng of the prime modulocompu-
tation canbe hiddenby performingit in parallelwith L1
accesseer by cachingthepartialcomputatiorin the TLB.
We shaw thattheprimemodulohashinchaspropertieghat
malke it resistanto the pathologicabehaior thatplagues
otheralternatve hashingfunctions,while atthe sametime
enablédt to eliminateworstcasecon ict misses.

Although the prime displacementashinglacks the the-
oretical superiority of the prime modulo hashing,it can
performjust aswell in practicewhenthe prime number



is carefully selected.In addition,the prime displacement

hashingcan easilybe usedin conjunctionwith a skewed
associatie cachethat usesmultiple hashingfunctionsto
further distribute the cachesetaccesses.In this case,a
uniqueprime numberis usedfor eachcachebank.

We use 23 memoryintensve applicationsfrom various
sourcesand catgyorize theminto two classes:one with
non-uniformcachesetaccesseandtheotherwith uniform
cachesetaccessesNe foundthatontheapplicationsawith
non-uniformaccesseshe primemodulohashingachieses
anaveragespeedumf 1.27. It doesnot slow down ary of
the 23 applicationsexceptin one caseby only 2%. The
primedisplacementashingachievesalmostidenticalper
formanceto the prime modulohashingbut without slow-
ing down ary of the23benchmarksBoth methodutper
form an XOR basedindexing function, which obtainsan
averagespeedumf 1.21onapplicationswvith non-uniform
cachesetaccesses.

Using multiple hashing functions, skewed associatie
cachesometimesareableto eliminatemore missesthan
usinga single hashingfunction. However, we found that
the use of a skewed associatie cacheintroducessome
pathologicabehaior thatslows down someapplications.
A skewed associatie cachewith the XOR-basedhash-
ing [18, 4, 19] obtainsan averagespeedupof 1.31 for
benchmarksvith non-uniformaccesseshut slows down
four applicationsby up to 9%. However, whenusingthe
prime displacemenhashingthat we proposein conjunc-
tion with a skewedassociatie cache the averagespeedup
improvesto 1.35, andthe worst caseslovdowvn dropsto
7%.

Therestof thepaperis organizedasfollows. Section2 dis-
cusseghe metricsandideal propertiesof a hashingfunc-
tion, which helpin understandinghe pathologicabehar-
ior. Section3 discusseshe proposecdhashingfunctions:
prime modulo and prime displacementind their imple-
mentations. Section4 describeghe evaluationerviron-
mentwhile Section5 discussesheresultsobtained.Sec-
tion 6 lists therelatedwork. Finally, Section7 concludes
thepaper

2. Propertiesof Hashing Functions

In this section, we will describetwo metrics that are
helpfulin understandingathologicabehaior of hashing
functions(Section2.1), andtwo propertieghata hashing
function musthave in orderto avoid the pathologicalbe-
havior (Section2.2).

2.1. Metrics

The rst metricthatestimateshe degreeof the patholog-
ical behavior is balance which describesiow evenly dis-
tributed the addresseare over the cachesets. The other

is concentation, which measurefiow evenly the setsare
usedover smallintervalsof accesses.
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Figurel: Componentsf ablockaddress .

Let be the numberof setsin the cachethat is a
power of two. This implies that bits from the
addressare usedto obtain a setindex. Let a sequence

of block addresses denote cache
accessesSuppose for where ,
implying thateachblockaddresdn thesequencés unique.
Thus, the addresssequencealoesnot have any temporal
reuse(we will returnto thisissuelater).Let beahash-
ing functionthatmapseachblock address to set

in the cache . We denote index bitsof  with
andthe rst bitsof thetagof with asshovn
in Figurel.

Balance describeshow evenly distributed the addresses
areover the setsin the cache.Whengoodbalanceis not
achieved, the hashingfunction would be ineffective and
would causecon ict misses.To measurehe balancewe
useaformulasuggestetby Aho, etal. [1]:

1)

where representshetotal numberof addressethatare

mappedto set . representghe weight of the
set , equivalentto . Thus,a setthathas
moreaddressewill have a largerweight. The numerator

, representshe sum of the weightsof all
sets.Thedenominatar , rep-
resentghe sumof the weightsof all sets,but assuminga
perfectlyrandomaddresslistributionacrossll sets.Thus,
alower value,with anidealvalueof 1, represents
betteraddresslistribution acrosghesets.

Concentration is alessstraightfornardmeasurendis in-
tendedto measurdow evenly the setsareusedover small
intervalsof accessedt is possibleto achieve theidealbal-
ancefor the entire addresssequence

yet con icts canoccurif on smallerintervalsthe balance
is notachieved.

To measureoncentrationwe calculatethe distance as
the numberof accesseso the cachethat occur between
two accesseso a particular set and calculatethe stan-
dard deviation of thesedistances.More formally,  for

an address is the smallestpositive integer such that



The concentrationis equalto the
's. Noting thatin theideal case,
'sis necessar

standarddeviation of
andwith the balanceof 1, the averageof
ily , our formulais

(@)

Using standardeviation penalizesa hashingfunction not
only for re-accessing setaftera smalltime periodsince
its last accesq ), but alsofor a large time pe-
riod ( ). Similar to the balance the smallerthe
concentrationis, the betterthe hashingfunctionis. The
concentratiorof anidealhashingfunctionis zero.

In generalalternatve hashingfunctionshave mostly tar-
getedthe ideal balance,but not the ideal concentration.
Achieving goodconcentrations vital to avoid the patho-
logical behavior for applicationswith hightemporallocal-
ity. Assumethatasetrecevesaburstof accessethatcon-
sistof distinctaddressegshen,the setsuffersfrom con ict
missestemporarily If oneof the addressehastemporal
reuse,it may have beenreplacedfrom the cacheby the
timeit is re-accessedyreatingcon ict misses.

2.2. Ideal Properties

In this section,we describethe propertiesthat shouldbe
satis ed by anideal hashingfunction. Most applications,
evensomeirregularapplicationspftenhave stridedaccess
patterns.Giventhe commonoccurrencef thesepatterns,
a hashingfunctionthatdoesnot achieve the idealbalance
and concentratiorwill causea patholaical behavior A
pathologicalbehaior ariseswhenthe balanceor concen-
tration of an alternatve hashingfunction is worse than
thoseof the traditionalhashingfunction, often leadingto
slowdown.

Let be a stride amountin the addresssequence

,lL.e., where

Property1: Ideal balance For the modulobasechashing
where mod , theidealbalances achieved
if andonly if . For otherhashingfunc-

tions, suchas XOR-basedthe ideal balanceconditionis

harderto formulatebecausehe hashingfunction hasvar

ious caseswherethe ideal balanceis not achieved (Sec-
tion 3.3).

Property2: Sequencénvariance A hashingfunction is
sequencenvariant if andonly if for ary

implies
The ideal concentrationis achieved when both the ideal
balanceand sequenceénvarianceare satis ed. Therefore,

Thereare accessespreadideally across sets,so the total
distancebetweenaccesses . Hence,the averageover the
accesses

theideal concentrations not achiesedwhenthe sequence
invarianceis not achieved. The sequencénvariancesays
that once a set is re-accessedthe sequenceof set ac-
cessesvill preciselyfollow the previoussequenceMore-
over, whenthe sequencénvariances satis ed, all thedis-
tancesbetweentwo accesseso the sameset are equal
to a constant , indicating the absenceof a burst of ac-
cessedo a single setfor the stridedaccesgattern. Fur
thermore whentheidealbalances satis ed for the mod-
ulo hashingthentheconstant is theaveragedistancepr

It is possiblethata hashingfunctionsatis esthesequence
invariancepropertyin most,but notall, casesSuchafunc-
tion canbe saidto have partial sequencévariance

In Section3.3, we will shav that prime modulo hashing
function satis es both propertiesexceptfor a very small

numberof caseswhereasotherhashingfunctionsdo not

alwaysachieve Propertyl and2 simultaneouslyBadcon-
centrationis a major sourceof the pathologicalbehaior

for alternatve hashingfunctions.

3. Hashing Functions Basedon Prime Num-
bers

In this section,we describethe prime moduloand prime
displacementhashing functions that we propose(Sec-
tion 3.1and3.2, respectiely). We comparethemagainst
otherhashingfunctionsin Section 3.3

3.1. Prime Modulo Hashing Function

Prime modulo hashingfunctions, like any other modulo
functions,canbe expresseds mod . The
differencebetweerprime modulohashingandtraditional
hashingfunctionsis that is a prime numberinstead
of a power of two. In general, is the largestprime
numberthat is smallerthana power of two. The prime
modulo hashingfunctions that have beenusedin soft-
warehashtables[1] andthe BSPmaching[10], have two
major dravbacks. First, they are consideredexpensve
to implementin hardware becauseperforminga modulo
operationwith a prime numberrequiresan integer divi-
sion[10]. Secondsincethe numberof setsin the physi-
calmemory( ) is likely a power of two, thereare

_ setsthat are wasted,causingfrag-
mentation. For example,the fragmentationin BSPis a
non-trivial 6.3%.

Sincewe targetthe L2 cache however, this fragmentation
becomesggligible. Table 1 shavs thatthe percentag®f
the setsthat arewastedin an L2 cacheis small for com-
monly usednumberf the setsin theL2 cache.Thefrag-
mentatiorfalls belov 1% whenthereare512physicalsets
or more.Thisis dueto thefactthatthereis alwaysaprime
numberthatis very closeto a power of two.



( _ | | Fragmentatiorf%) |

256 251 1.95%

512 509 0.59%

1024 1021 0.29%

2048 2039 0.44%

4096 4093 0.07%

8192 8191 0.01%
16384 16381 0.02%

Tablel: Primemodulosetfragmentation.

Utilizing humbertheorywe cancomputethe prime mod-
ulo functionquickly withoutusinganintegerdivision. The
foundationfor the techniqueis taken from fast random
numbergenerator§l3, 24]. Speci cally, computing

mod where is a Mersenngyrimenumber(i.e., is
onelessthana power of two) canbe performedusingadd
operationsvithouta multiplicationor division operation.

Since we are interestedin a prime number that is
not necessarilyMersenneprime, we extend the existing
methodandproposawo methodf performingtheprime
modulo operationfast without any multiplication and di-
vision. The rst method,iterativelinear, needsrecursve
stepsof shift, add, and subtract&selecbperations. The
secondmethod,polynomial needsonly one stepof add,
andasubtract&selecbperation.

Subtract&select method.  Computing the value of
mod istrivial if is small. Figure2 shavshow this
canbeimplementedn hardware. , ,
, etc. areall fed asinputinto a selectorwhich
chooseghe rightmostinput that is not negative. To im-
plementthis method,the maximumvalueof shouldbe
known.

X X N set X Znse[
L B
Adder Adder
{ {
‘ Selector ‘
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X mod Nget
Figure 2: Hardware implementation of the sub-

tract&selectmethod.

isrepresentedsalinear
_ . To seehow this can
and represenpartsof thebitsin  as
, then

Iterati velinear method. First,
function of

be done,let
depictedn Figurel. Since

mod
mod
mod ?3)
mod

Since is muchsmallerthan , mod may be

computedusing the subtract&selecimethod (Figure 2).
Moreover, althoughequation3 containsa multiplication,
since is avery smallinteger (at most9, seeTable 1)
for mostcasesthe multiplication caneasilybe corverted
to shift and add operations.For example,when ,

mod , where  denotes
aleft shift operation Finally, when s still large,we can
applyEquation3iteratively toobtain , ,etc. Thefol-

lowing theoremstateshe maximumnumberof iterations
thatneedgo be performedo computeacachendex using
theiterative linearmethod.

Theorem 1. Givena -bit addressand a cachewith
block/line size of , the numberof iterationsneededo
compute mod is,

Whena subtract&selectvith selectoiinputsis used
in conjunctionwith theiterative linearmethodthenumber
of iterationsrequiredbecomes,

For example for a 32-bit machinewith _

and a 64-byte cacheline size, the prime modulo canbe
computedwith only two iterations.However, with a 64-bit
machine,it requires6 iterationsusing a subtract&select
with 3-inputselectorbut requires3 iterationswith a 258-
inputselector

Polynomial method. Becausén somecasegheiterative
linear methodinvolves multiple iterations,we devise an
algorithmto computethe prime modulooperationin one
step.To achieve that,usingthe samemethodasin deriving
Equation3, we rst express asapolynomialfunctionof

_ mod

where  consistsof bit _ through bit

_ of the addressitsof . For

example, is shavn as in Figure 1. Substituting
_ by , We obtain
mod

, Where , canbeexpandednto

In the mod space,ary termthatis a multiple of

is equivalentto zero. Sinceonly the lasttermis not



zero,then mod . Thereforewe

canexpress asapolynomialfunctionof

mod (4)
mod

Notethat is muchsmallerthan , andis in general
smallenoughto derive theresultof the prime modulous-
ing the subtract&seleciethod(Figure?2).

A specialbut restrictve caseis when is a Mersenne
primenumberin whichcase . Then,Equationd can

be simpli ed further, leadingup to the sameimplementa-
tion asin [25]:

mod (5)

It is possibleto use thatis equalto but
nota primenumber Often, if _ is notaprime
number it is a productof two prime numbers. Thus, it

is at leasta good choicefor most stride accesgatterns.
However, it is beyond the scopeof this paperto evaluate
suchnumbers.

Comparingthe iterative linear and polynomial methods,
the polynomialmethodallows smallerlateng in comput-
ing the prime modulowhen is small,especiallyfor 64-

bit machinesanda smallnumberof setsin the cache.The

iterative linearmethodis moredesirablegor low hardware
andpowerbudget,orwhen islarge.
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Figure3: Theinitial component®f index calculation(a),
andthe componentsfteroptimizations(b).

3.1.1. Hardware Implementation

To illustrate how the prime moduloindexing canbe im-
plementedn hardware,let us consideranL2 cachewith
64 byte blocksand2048( ) numberof physicalsets
and2039( ) numberof sets.Therefore g bitsare
usedasthe block offset, while the tag canbe broken up
into threecomponents11-bit ( ), 11-
bit ( ), andthe remaining4-bit  ( ,

, , ). Accordingto Equation4, the cacheindex can
be calculatecas . Thebinary
representationf 9 and81 are'1001' and'1010001', re-
spectvely. ThereforeFigure3ashaows thattheindex can
be calculatedasthe sumof six numbers.This canbe sim-
plied further The highestthreebits of the third number
( ) canbeseparatedndaccording
to Equatiord, is equalto in the
modulospace.Furthermoresomeof the numberscanbe
addednstantlyto Il in thebitsthathave zerovalues.For
example, the fourth andthe fth numbersare combined
into a singlenumber Theresultingnumbersareshovn in
Figure3b. Thereareonly venumbergA throughE) that
needto beaddedwith upto 11 bits each.

-—4 11 11 6 —
t, ty X blk offset
77777 T R
. Y - 11 1 L1 Access
Wired Permutation ‘
8 110111 i
D |[E|c |B A |
I
| L1
I
Adder Prime
12 Modulo
Computation | L1 Miss
2 input Sub&Select |
11
New Index
L2

Figure4: Hardwareimplementatiorof the primemodulo
hashingusingthe polynomialmethodfor on
a32-bitmachine

Figure4 shavs how the prime modulohashingcomputa-
tion ts with theoverallsystem.The gure shovshow the
new index is computedrrom the additionof the ve num-
bers(A throughE in Figure3b). A andB aredirectlytaken
from the addresdits, while C, D, andE areobtainedby
wired permutatiorof thetag partof theaddressThe sum
of the venumberds thenfed into a subtract&selectvith
a 2-inputselector Only 2 inputsareneededy the selec-
tor becausehe maximumvalue of the additioncanonly
be slightly largerthan2039. The reasorfor this is thatin
computingthe addition,ary intermediatecarry outcanbe
corvertedto 9 andbeaddedo othernumbergEquatiord).



The gure alsoshaws thatthe prime modulocomputation
canbe overlappedwith L1 cacheaccessesOn eachlL1

cacheaccessthe prime moduloL2 cacheindex is com-

puted. If the accesgesultsin anL1 cachemiss,the new

L2 cacheindex hasbeencomputedandis readyfor use.
The prime modulocomputationis simpleenoughthatthe

L2 accesgimeis notlikely impacted.

If a TLB is accessedn parallel with the L1 cache,the
prime modulocomputationcanbe partially cachedn the
TLB, simplifying the computatiorfurther. A physicalad-
dressconsistsof the pageindex andthe pageoffset. To
computethe prime moduloL2 cacheindex, we cancom-
putethe pageindex moduloindependentiifrom the page
offsetmodulo. On a TLB miss, the prime moduloof the
missedpageindex is computedandstoredin thenew TLB
entry This computations notin the critical pathof TLB
accessanddoesnotrequiremodi cationsto the OS' page
table. On an L1 miss, the pre-computednodulo of the
pageindex is addedwith the pageoffset bits that are not
partof L2 block offset. For example,if the pagesizeis
4KB, thenonly bits of the pageoffsetneeds
to be addedto the 11-bit pre-computeanodulo,followed
by a subtract&selecbperationto obtainthe L2 cachein-
dex. Thisis a very simpleoperationthatcanprobablybe
performedn muchlessthanoneclock cycle.

3.2. Prime DisplacementHashing Function

In the primedisplacemenhashingthetraditionalmodulo
is performedafter an offsetis addedto the original index
. Theoffsetis the productof anumber andthetag

mod (6)

This new hashingfunctionis basedon hashingfunctions
in Aho, etal. [1], andis relatedto Raghaan'sRANDOM-
H functions[14], with the maindifferencebeingtheir use
of non-constanbffset, resultingin not satisfyingthe se-
guenceinvarianceproperty Primedisplacemenhashing
functionscan easily be implementedn hardware with a
narrowv truncatedadditionif a prime numberwith few 1's
in its binaryrepresentatiois usedas

Oneadwantageof theprimedisplacementashingunction
comparedo the primemodulohashingunctionis thatthe
compleity of calculatingthe cachendex in the primedis-
placemenhashingfunction is mostly independenof the
machinesizes. This makesit trivial to implementin ma-

We hadoriginally consideredhata prime numberwould work best
for p, hencethe namePrime Displacementvasintroduced. But, tech-
nically an odd numbermodulo a power of two forms a modulo multi-
plication group [17] andassuchthey areall invertible so noneof
themareprimein atechnicalsense.In practice,it is alsonot the case
thatprimenumbersarenecessarilpetterchoicedor thanordinaryodd
numbers.

chineswith 64-bitor largeraddressing.

3.3. Comparison of Various Hashing Functions

Before we compareour hashingfunctions with exist-
ing ones,we brie y overview existing hashingfunctions.
The traditional hashingfunction is a very simple
modulo basedhashingfunction. It canbe expressedas
or equialently as mod
_ Pseudo-randorhashingrandomizesaccesses
to cachesets.Exampleof thepseudo-randorhashingare
XORbasedhashingfunctions,which are by far the most
extensiely studied[15, 16, 23, 22, 26, 11, 18, 4,19. We
chooseone of the most prominentexamples:

,where representthebitwiseexclusive ORop-
erator In askewedassociativeade, thecachatselfis di-
videdinto banksandeachbankis accessedsinga differ-
enthashingfunction. Here,cacheblocksthataremapped
to the samesetin onebankaremostlikely notto mapto
thesamesetin the otherbanks.Seznegroposesisingan
XOR hashingfunctionin eachbankafter a circular shift
is performedto the bitsin  [18, 4, 19]. The numberof
circular shifts performeddiffers betweenbanks. This re-
sultsin a form of a perfectshufe. We proposeusingthe
prime displacemenhashingfunctionsin a skewed cache.
To ensureinter-bankdispersiona differentprime number
for eachbankis used.

Table2 compareghe varioushashingfunctionsbasedon
thefollowing:

whentheidealbalances achieved,

whetherthey satisfy the sequencenvariance prop-
erty,

whethera simple hardware implementationexists,
and

whetherthey placerestrictionsonthereplacemenal-
gorithm.

The major disadwantageof the traditional hashingis that
it achievesthe ideal balanceonly whenthe strideamount

is odd, where . Whenthe ideal bal-
anceis satis ed, however, it achiezestheideal concentra-
tion becauset satis esthe sequencenvarianceproperty
Notethatfor acommonunitstride , it hastheidealbal-
anceandconcentration.Thus,any hashingfunctionsthat
achieve lessthanthe ideal balanceor concentratiorwith
unit stridesareboundto have a pathologicabehaior.

XOR achievestheidealbalanceon moststrideamounts ,
but always haslessthanthe ideal concentratiorbecause
it doesnot satisfythe sequencénvarianceproperty This
is becausehe sequencef setaccessess never repeated
dueto XOR-ingwith differentvaluesin eachsubsequence.



Characteristics SingleHashingFunction Multiple HashingFunctions

Traditional | XOR | pMod | pDisp Skewed | Skewed+ pDisp
Idealbalancecondition odd various | all sexcept Mostodd,all even None None
Sequencévariant? Yes No Yes Partial No No
SimpleHw Impl. Yes Yes Yes Yes Yes Yes
Replacement Alg. No No No No Yes Yes
Restriction

Table2: Qualitative comparisorof varioushashingiunctions:traditional XOR, prime modulo(pMod), primedisplace-
ment(pDisp), skewed associatie cachewith circularshift and XOR (Skewed) [18, 4, 19], andour skewed associatie

cachewith prime displacemen{Skewed + pDisp).

Thus, it is proneto the pathologicalbehaior. Thereare
variouscasesvherethe XOR hashingdoesnotachierethe
idealbalance Onecasdaswhen . Forexample,
with and (asin a4-way 4KB cachewith
64 bytelines),it will accessets0, 15,15,15,.... Notonly
that, a stride of 3 or 5 will alsofail to achiere the ideal
balancebecausdhey are factorsof 15. This makesthe
XOR aparticularlybadchoicefor indexing theL1 cache.

The primemodulohashing(pMod) achievestheideal bal-
anceand concentrationexcept for very few cases. The

ideal balanceis achiesed because ex-
ceptwhen is a multiple of . The ideal concentra-
tion is achieved because implies that

with the stride amount . This makesthe prime modulo
hashinganideal hashingfunction. As we have shavn in
Section3.1,fasthardwareimplementationgxist.

Theprimedisplacementashing(pDisp) achievesanideal
balancewith evenstridesandmostodd strides. Although
it doesnot satisfy the sequenceénvarianceproperty the
distancebetweentwo accesse$o the samesetis almost
always constant. That is, for all but one setin a sin-
gle subsequence, implies

. Furthermore, , Where isthe
prime numberused. Thus, it partially satis es the se-
guencenvariance.

Skewed associatie cacheglo not guarante¢heideal bal-
anceor concentrationwhetherthey usethe XOR-based
hashing (Skewed, or the prime displacementhashing
(Skewed+pDisp. However, probabilistically the accesses
will be quite balancedsincean addressanbe mappedo
a differentplacein eachbank. A disadwantageof skewed
associatie cachess the factthatthey make it dif cult to
implementa leastrecentlyused(LRU) replacemenpolicy
andforce usingpseudo-LRJ policies. The non-idealbal-
anceandconcentrationtogethemwith theuseof a pseudo-
LRU replacemenpolicy, make askewedassociatie cache
proneto the pathologicabehaior, althoughit workswell
on average. Later, we will shav that skewed cachesdo
degradethe performancef someapplications.

Finally, althoughnot describedin Table 2, someother
hashingfunctions,suchas all XOR-basedfunctionsand

random-h[14, 15, 16, 20, 8, 7, 26, 11], arenot sequence
invariant,andthereforedo notachieretheidealconcentra-
tion.

4. Evaluation Envir onment

Applications. To evaluate the prime hashing func-
tions, we use 23 memory-intensie applicationsfrom
various sources: bzip2, gap, mcf, and parser from
Specint200q21], applu, mgrid, swim, equale, andtom-
catv from Specfp2000and Specfp95[21], mst from
Olden, bt, ft, lu, is, sp, and cg from NAS [12], sparse
from Sparsebencli6], and tree from the University of
Hawaii [3]. Irr is aniterative PDE solver usedin CFD
applications.Charmmis a well knawn moleculardynam-
ics codeandmoldynis its kernel.Nbf is a kernelfrom the
GROMOS moleculardynamicsbenchmarksAnd, euleris
a 3D Eulerequationsolverfrom NASA.

We catgyorize the applicationsinto two groups: a group
wherethe histogramof numberof accesseso different
setsare uniform, and thosethat are not uniform. Let

representhefrequeng of accessew the
sets in the L2 cache.An applicationis con-
sideredo have anon-uniformcacheacces$ehaior if the
ratio is greaterthan 0.5. Applicationswith
non-uniformcachesetaccessebkely suffer from con ict
misses,and hencealternatve hashingfunctions are ex-
pectedo speedhemup.

Amongthe 23 applicationswe foundthat30% of them(7
benchmarksarenon-uniform: bt, cg, ft, irr, mcf, sp,and
tree.

Simulation Environment. The evaluationis doneusing

an execution-drvensimulationervironmentthat supports
adynamicsuperscalaprocessomodel[9]. Table3 shavs

the parametersisedfor eachcomponentf the architec-
ture. Thearchitecturaés modeledcycle by cycle.

Prime Numbers. The prime modulo function usesthe
prime numbershavn in Table1. The primedisplacement
functionusesa number9 whenit is usedasa singlehash-
ing function. Whenusedin conjunctionwith a skewed
associatie cachethenumberghatareusedfor eachof the
four cachebanksare9, 19,31, and37. Althoughthenum-
ber9is notprime, it is selectedor thereasorexplainedin



PROCESSOR

6-issuedynamic.1.6 GHz. Int, fp, Id/stFUs: 4, 4, 2
Pendindd, st: 8, 16. Branchpenalty:12 cycles

MEMORY

L1 data:write-back,16 KB, 2 way, 32-Bline, 3-¢ycle hit RT

L2 data:write-back,512KB, 4 way, 64-Bline, 16-gycle hit RT

RT memorylateny: 243cycles(row miss),208cycles(row hit)

Memorybus: split-transaction8 B, 400MHz, 3.2 GB/secpeak

Dual channelDRAM. Eachchannel:2 B, 800 MHz. Total: 3.2
GB/secpeak

Randomaccesdime (tRAC): 45ns

Time from memorycontroller(tSystem 60ns

Table3: Parametersf the simulatedarchitecture Laten-
ciescorrespondo contention-freeconditions. RT stands
for round-tripfromthe processor

Section3.2.

5. Evaluation

In this section,we presentand discusssix setsof evalu-
ation results. Section5.1 shows the balanceand concen-
tration for four differenthashingfunctions. Section5.2
presentghe resultsof usinga singlehashingfunction for
the L2 cache,while Section5.3 presentsthe results of
using multiple hashingfunctionsin conjunctionwith the
skewed associatie L2 cache. Section5.4 provides an
overall comparisorof the hashingfunctions. Section5.5
shaws the missreductionachievzed by the hashingfunc-
tions. Finally, Section5.6 presentgachemissdistribution
of treebeforeandafterapplyingtheprimemodulohashing
function.

5.1. Balanceand Concentration

Traditional Hashing Balance Prime Modulo Hashing Balance

Balance

Stride Amount

Stride Amount

(@) (b)

Prime Displacement Hashing Balance XOR Hashing Balance

Balance
Balance

zzzzz

Stride Amount Stride Amount

(© (d)

Figure5: Balancefor the TraditionalHashing(a), Prime
Modulo Hashing (b), Prime DisplacementHashing (c),
andXOR Hashing(d)

Figure 5 shows the balancevaluesof the four different
hashingfunctionsusing a syntheticbenchmarkthat pro-
ducesonly stridedaccesgatterns.The stridesizeis var

Traditional Hashing Concentration Prime Modulo Hashing Concentration

Stride Amount Stride Amount

(@) (b)

Prime Displacement Hashing Concentration XOR Hashing Concentration

Stride Amount

Stride Amount

() (d)

Figure6: ConcentrationTraditionalHashing(a), Prime
Modulo Hashing(b), Prime DisplacementHashing(c),
andXOR Hashing(d)

ied from 1 to 2047. The maximumbalancedisplayedin

the vertical axes in the gure is limited to 10 for easy
comparison. Note that small stridesare more likely to

appearin practice. Therefore,they are more important
thanlarge strides. The balancevaluesfor the traditional
and prime modulo hashingfunctions follow the discus-
sionin Section3.3. In particular the traditional hashing
functionsuffersfrom badbalancevalueswith evenstrides,
but achieresperfectbalancewith odd strides. The prime
modulo achieves perfectbalance exceptwhenthe stride
is equalto , Which in this caseis 2039. XOR and
Prime displacementhashingalso have the ideal balance
with moststrides. Both have variouscasesn which the
stride size causemon-idealbalance. The non-idealbal-

anceis clusteredaroundthe small strideswith the XOR

function,whereast is concentratedoward the middle for

the prime displacemenfunction. Thus, in practice,the
prime displacements superiorto the XOR hashingfunc-

tion.

Figure 6 shaws the concentratiorfor the samerangeof
stride size. As expected,the traditional hashingfunction
suffersfrom very badconcentratiorwith evenstrides,but
achievesperfectconcentratiorwith oddstrides.The XOR
andprimedisplacemenhashingunctionsalsosuffer from
badconcentratiorfor mary strides.This is becaus@rime
displacemenhashingis only partially sequencénvariant.
Sincethe prime modulohashingis sequencénvariant, it
achieves ideal concentrationexcept for the stride equal
to . Hence,for stridedaccessesywe can expectthe
prime modulo hashingto have the bestperformancebe-
tweenour four hashingfunctions. More importantly the
prime modulo hashingalso achiezesideal concentration
with odd stridesthe sameway asthe traditionalhashing.
Hence,we can expectthat the prime modulo hashingis



resistanto the pathologicalbehaior. The XOR hashing
function may outperformthe traditionalhashingon aver

age. However, it cannotmatchthe ideal concentratiorof

the traditionalhashingwith odd strideamount. Thusit is

proneto the pathologicabehaior.

5.2. SingleHashing Function Schemes

Normalized Execution Times
OBusy EOther Stalls BMemory Stall

Figure7: Performanceesultsof singlehashingunctions
for applicationswith non-uniformcacheaccesses

Figure 7 and 8 shaow the executiontime of eachapplica-
tion with non-uniformcacheaccesseanduniform cache
accessegiespectiely. Each gure compareghe execu-
tion time with different hashingfunctions: a traditional
hashingfunctionwith 4-way associatie L2 cache(Bas§,
a traditional hashingfunction with an 8-way associatie
same-size_2 cache(8-way), the XOR hashingfunction
(XOR), the prime modulo hashingfunction (pMod), and
the prime displacementashingfunction (pDisp) as de-
scribedin Section3.3. The executiontime of eachcaseis
normalizedo Base All barsaredividedinto: executionof
instructions(Busy), stall time dueto variouspipelinehaz-
ards(Other Stallg, andstalltime dueto memoryaccesses
(MemorysStall).

Both Figure 7 and 8 showv that increasingthe L2 cache
associatiity to 8-way only improvesthe executiontime
mauginally, with the exceptionof tree. This is mainly be-
causedoubling associatiity but keepingthe samecache
sizereduceghe numberof setsin half. In turn, this dou-
blesthe numberof addressesnappedto a set. Thus,in-
creasingcacheassociatiity without increasingthe cache
sizeis notaneffective methodto eliminatecon ict misses.

Comparingthe XOR pMod, and pDisp for applications
with non-uniformcacheaccessem Figure7, they all im-

prove executiontime signi cantly, with both pMod and
pDisp achieving an averagespeedupof 1.27. It is clear
that pMod and pDisp perform the best, followed by the
XOR AlthoughXORis certainlybetterthanBase its non-
idealbalanceor smallstridesandits non-idealconcentra-
tion hurtits performanceuchthatit cannotobtainoptimal

speedups.For applicationsthat have uniform cacheac-
cessesn Figure 8, the sameobsenationgenerallyholds.
However, 8-way slows down mst by 2%, and XOR and

pMod slov down sparseby 2%. Someotherapplications
have slight speedups.

5.3. Multiple Hashing Functions Schemes

Figure9 and10 shawv the executiontimes of applications
with non-uniformcacheaccesseand uniform cacheac-
cessesrespectiely when multiple hashingfunctionsare
used. Each gure compareghe executiontime with dif-
ferent hashingfunctions: a traditional hashingfunction
with 4-way associatie L2 cacheg(Basg, theprimemodulo
hashingthatis the bestsingle hashingfunctionfrom Sec-
tion 5.2 (pMod), the XOR-basedskewedassociatie cache
proposedy Sezned19] (SKW, andthe skewed associa-
tive cachewith the prime displacemenfunction that we
proposgskw+pDisp asdescribedn Section3.3. Theex-
ecutiontime of eachcaseis normalizedio Base

The skewed associatie cache{SKWandskw+pDisp are

basedon Seznecs designthat usesfour direct-mapped
cachebanks. The replacemenpolicy is calledEnhanced
Not RecentlyUsed(ENRU) [19]. Theonly differencebe-

tweenSKW and skw+pDispis the hashingfunction used
(XOR versusprime displacement).We have alsotried a

differentreplacemenpolicy called NRUNRW (Not Re-

cently Used Not RecentlyWritten) [18]. We found that

it givessimilarresults.

Figure9 and 10 shav that pMod sometimesutperforms
andis sometimesutperformedoy SKWandskw+pDisp
With cg and mst, only the skewed associatie schemes
areableto obtainspeedupsThis indicatesthatthereare
some missesthat the strided accesspatternscannotac-
countfor, andthis type of missescannotbe tackledby a
singlehashingunction. On average skw+pDispperforms
the best,followed by SKW andthencloselyfollowed by
pMod The extra performancefor the applicationswith
non-uniformaccesseshowever, comesat the expenseof
having the pathologicalbehaior for the applicationghat
have uniform accessegFigure 10). For example, SKW
slows down six applicationsby up to 9% (bzip2,charmm,
is, parser sparseandirr), while skw+pDispslows down
threeapplicationsby upto 7% (bzip2,mgrid, andsparse).

Normalized Execution Times
OBusy E Other Stalls BMemory Stall

Base

pMod [J

SKW
skw+pDisp []
skw+pDisp |]
skw+pDisp

mci tree
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=2
o
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=
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Figure9: Performanceesultsof multiple hashingfunc-
tionsfor applicationswith nonuniformcacheaccesses
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Figure8: Performanceesultsof singlehashingfunctionsfor applicationswith uniform cacheaccesses
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Figure10: Performanceesultsof multiple hashingfunctionsfor applicationswith uniform cacheaccesses

Cache Uniform Apps | NonuniformApps [ Patho. (skw+pDisp, and a fully-associatve cacheof the same
Hashing min,a/g,max min,a/g,max Cases size (FA). The numberof missesare normalizedto the
XOR 0.98,1.00,1.01] 1.00,1.21.2.09 1 (Base.

pMod 0.98,1.00,1.05] 1.00,1.27,2.34 1

pDisp 1.00,1.01,1.05 1.00,1.27,2.32 0 s Normalized Number of Misses

SKW 0.91,1.00,1.12] 0.99,1.31,2.55 4 0

skw+pDisp || 0.93,1.01,1.12| 1.00,1.35,2.63 4 0z |

Table4: Summaryof the Performanceémprovementof the
DifferentCacheCon®gurations

5.4. Overall Comparison

Table4 summarizesheminimum,averageandmaximum
speedupsbtainedby all the hashingfunctionsevaluated.
It also shows the numberof pathologicalbehaior cases
thatresultin aslowdown of morethan1%whencompared
to the traditional hashingfunction. In termsof average
speedupsskw+pDispis thebestamongthe multiple hash-
ing function schemeswhile pMod is the bestamongthe
singlehashingfunction schemesin termsof pathological
caseshowever, the single hashingfunction schemegper
form betterthan the multiple hashingfunction schemes.
Thisis dueto worseconcentratiomndprobablyin partdue
to pseudo-LRJ schemaisedin skewedassociatie caches.
In summary the prime modulo and prime displacement
hashingstandout as excellent hashingfunctionsfor L2
caches.

5.5. Miss Reduction

Figures 11 and 12 shawv the normalized number of
L2 cachemissesfor the 23 benchmarksusing a tradi-
tional hashingfunction (Baség, the prime modulohashing
function (pMod), the prime displacementashingfunc-
tion (pDisp), a skewed cacheusing prime displacement

0.6
0.4 1
0.2

0 A

Figure 11: Normalized numberof missesfor several
hashingrunctionsfor applicationsvith non-uniformcache
accesses

Figure 11 shaws thatour proposechashingfunctionsare
on averageableto remove morethan30%of thelL2 cache
missesln someapplicationsuchasbt andtree,they elim-
inatenearlyall thecachemisseslinterestingly skw+pDisp
is ableto remove more cachemisseghana fully associa-
tivecachdn cg,indicatingthatin somecasest canremove

somecapacitymisses.

Figure 12 shaws that mostof the applicationsthat have
uniform cacheaccesseslo not have con ict misses,and
thus do not bene t from a fully-associatve cache, ex-
cept for charmmand euler The gure highlights the
pMods and pDisp's resistanceo pathologicalbehaior.
pModdoesnotincreaseghecachemissesvenfor applica-
tions that alreadyhave uniform cacheaccessesdueto its
idealbalanceandconcentrationAlthough pDispdoesnot
achieve anideal concentrationits partial sequencénvari-
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Figure12: Normalizednumberof missesfor severalhashingfunctionsfor applicationswith uniform cacheaccesses

ancepropertyhelpsit to achieve a very good concentra-
tion andin practiceperformsjust aswell aspMod. This

is in contrastto skw+pDisp which increaseghe number
of missesby up to 20% in 6 applications(bzip2, mgrid,

parser sparse,swim, tomcatv). This again shavs that

skewed associatie cachesare proneto pathologicalbe-

havior, althoughthey are able to remove somecapacity
misses.

5.6. CacheMissesDistrib ution for tree

Fromprevious gures, treeis the applicationwherepMod
andpDisp performthe best,bothin termsof missreduc-
tion andspeedup Figure 13 shavs the distribution of L2

cachemissesover the cachesetsfor tree using both tra-

ditional hashingand prime modulohashing.In the tradi-

tional hashingcase,Figure 13a shaws that the vast ma-
jority of cachemissesin tree are concentratedn about
10% of the sets. This is dueto an unbalancedlistribu-

tion of cacheaccessed tree, causingsomecachesets
to be over-utilized and suffer from mary con ict misses.
By distributing the accessesnore uniformly acrossthe
sets,pModis ableto eliminatemostof thosemisseqFig-

ure13b).

Cache Misses Distribution

Cache Misses Distribution

250000 (Traditional Hashing) 250000 (pMod)
200000 200000
150000 ‘ 150000 -
100000 100000 +
50000 - I 50000 -
0 0 el
1 2048 1 2048
(a) (b)

Figure 13: Distribution of missesacrossthe cachesets
for treeusing(Bas@ hashing(a) andpModhashing(b).

6. RelatedWork

Prior studies shaved that alternatve cache index-
ing/hashindunctionsareeffectivein reducingcon icts by
achieving amoreuniformaccesglistributionacrosghel 1
cachesets[18, 4, 22, 23], L2 cachesets[19], or the main
memorybanks[14, 10, 15, 16, 20, 8, 7, 26, 11]. Most

of the prior hashingfunctionspermutethe accessessing
someform of XOR operationsWe foundthat XOR oper
ationstypically do not achiese anideal concentratiorthat
is critical to avoiding pathologicalbehaior understrided
accesgatterns.

Althoughprime-basethashinghasbeenproposedor soft-
warehashtablesasin [1], its usein the memorysubsys-
temhasbeenvery limited dueto its hardware compleity
thatinvolvestrueintegerdivision operationandfragmen-
tationproblems BudnickandKuck rst suggestedsinga
prime numberof memorybanksin parallelcomputerg5],
which was later developedinto the BorroughsScienti ¢
Processofl10]. YangandYangproposedisingMersenne
prime modulohashingfor cacheindexing for vectorcom-
putation[25]. SinceMersenngyrime numbersaresparse,
e.g.

, using them signi cantly restrictsthe number of
cachesetghatcanbeimplementedWe deriveamoregen-
eral solutionthat doesnot assumeMersenneprime num-
bersandshav that prime modulo hashingcanbe imple-
mentedfast on any numberof cachesets. In addition,
we presenta prime displacementhashingfunction that
achieves comparableperformanceand robustnessto the
prime modulohashingfunction.

Compileroptimizationshave alsotargetedcon ict misses
by paddingthe datastructureof a program.Oneexample
is thework by Bacon,et. al. [2], whotriedto nd theop-
timal paddingamountto reducecon ict missesin caches
andTLBs in aloopnest.They triedto spreaccachemisses
uniformly acrosdoop iterationsbasedon pro ling infor-
mation. Sincethe con ict behaior is ofteninput depen-
dentanddeterminedatruntime,theirapproacthaslimited
applicability.

7. Conclusions

Even though using alternatve cache indexing/hashing
functionsis a populartechniqueto reducecon ict misses
by achiezing a more uniform cacheaccessdistribution
acrosghe setsin the cache no prior studyhasreally ana-
lyzedthe pathologicabehaior of suchhashingfunctions
thatoftenresultin performancelegradation.



We presentedn in-depthanalysisof the pathologicalbe-
havior of hashingunctionsandproposedwo new hashing
functionsfor the L2 cachethat areresistanto the patho-
logical behavior and yet are able to eliminate the worst
casecon ict behaior. The prime modulohashingusesa
prime numberof setsin the cache,while the prime dis-
placementashingaddsan offsetthatis equalto a prime
numbermultiplied by the tag bits to the index bits of an
addresdo obtaina new cacheindex. Thesehashingtech-
niguescan be implementedn fasthardware that usesa
setof narrav addoperationgn placeof true integer divi-
sionandmultiplication. This implementatiorhasnegligi-
ble fragmentatiorfor theL2 cache We evaluatecburtech-
nigueswith 23 applicationdrom varioussources.For ap-
plicationsthat have non-uniformcacheaccessedjoththe
prime moduloandprimedisplacemenhashingachieze an
averagespeedupf 1.27,practicallywithout slowing down
ary of the23 benchmarks.

Although lacking the theoreticalsuperiorityof the prime
modulo,whenthe prime numberis carefully selectedthe
primedisplacemenhashingperformsjustaswell in prac-
tice. In addition, the prime displacementhashingcan
easily be usedin conjunctionwith a skewed associatie
cache,which usesmultiple hashingfunctionsto further
distribute the cacheaccesseacrosshe setsin the cache.
The prime displacemenhashingoutperformsXOR-based
hashingusedin prior skewedassociatie cachesIn some
cases,the skewed associatie L2 cachewith prime dis-
placementashingis ableto eliminatemore missescom-
paredto usinga singlehashingfunction. It shavsanaver
agespeedupf 1.35for applicationghathave non-uniform
cacheaccessed-owever, it introducessomepathological
behaior that slows down four applicationsby up to 7%.
Therefore,an L2 cachewith our prime moduloor prime
displacemenhashingfunctionsis a promisingalternatve.
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