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Abstract

Usingalternativecacheindexing/hashingfunctionsis a popular
techniqueto reducecon�ict missesby achieving a more uniform
cacheaccessdistribution acrossthesetsin thecache. Although
variousalternativehashingfunctionshavebeendemonstratedto
eliminatetheworstcasecon�ict behavior, nostudyhasreallyan-
alyzedthepathological behaviorof such hashingfunctionsthat
oftenresultin performanceslowdown.In this paper, wepresent
an in-depthanalysisof thepathological behaviorof cachehash-
ing functions.Basedon theanalysis,weproposetwo new hash-
ing functions:primemoduloandprimedisplacementthatare re-
sistantto pathological behaviorandyetare ableto eliminatethe
worst casecon�ict behaviorin theL2 cache. We showthat these
two schemescanbeimplementedin fasthardware usinga setof
narrow add operations,with negligible fragmentationin the L2
cache. We evaluatethe schemeson 23 memoryintensiveappli-
cations.For applicationsthathavenon-uniformcacheaccesses,
bothprimemoduloandprimedisplacementhashingachievean
average speedupof 1.27compared to traditional hashing, with-
out slowingdownany of the 23 benchmarks. We also evaluate
usingmultipleprimedisplacementhashingfunctionsin conjunc-
tion with a skewedassociativeL2 cache. Theskewedassocia-
tive cacheachievesa betteraverage speedupat thecostof some
pathological behaviorthatslowsdownfour applicationsbyupto
7%.

1. Intr oduction

Despitethe relatively large sizeandhigh associativity of
theL2 cache,con�ict missesareasigni�cant performance
bottleneckin many applications.Alternative cacheindex-
ing/hashingfunctionsareusedto reducesuchcon�icts by
achievingamoreuniformaccessdistributionacrosstheL1
cachesets[18, 4, 22, 23], L2 cachesets[19], or themain
memorybanks[14, 10, 15, 16, 20, 8, 7, 26, 11]. Although
variousalternative hashingfunctionshave beendemon-
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stratedto eliminatethe worst casecon�ict behavior, few
studies,if any, have analyzedthe pathologicalbehavior
of suchhashingfunctionsthatoftenresultin performance
degradation.

This paperpresentsan in-depthanalysisof thepathologi-
cal behavior of hashingfunctionsandproposestwo hash-
ing functions:primemoduloandprimedisplacementthat
areresistantto thepathologicalbehavior andyetareableto
eliminatetheworstcasecon�ict missesfor theL2 cache.
The numberof cachesetsin the prime modulo hashing
is a primenumber, while theprimedisplacementhashing
addsanoffset,equalto a primenumbermultiplied by the
tag bits, to the index bits of an addressto obtain a new
cacheindex. Theprimemodulohashinghasbeenusedin
software hashtables[1] and in the BorroughsScienti�c
Processor[10]. A fast implementationof prime modulo
hashinghasonly beenproposedfor Mersenneprimenum-
bers[25]. SinceMersenneprimenumbersaresparse(i.e.,
for most � , ���	��
 arenot prime),usingMersenneprime
numberssigni�cantly restrictsthe numberof cachesets
thatcanbeimplemented.

We presentan implementationthat solvesthe threemain
drawbacksof prime modulo hashingwhen it is directly
appliedto cacheindexing. First, we presenta fasthard-
waremechanismthatusesa setof narrow addoperations
in placeof a true integerdivision. Secondly, by applying
theprimemoduloto theL2 cache,the fragmentationthat
resultsfrom not fully utilizing a power of two numberof
cachesetsbecomesnegligible. Finally, weshow animple-
mentationwherethelatency of theprimemodulocompu-
tation canbe hiddenby performingit in parallelwith L1
accessesor by cachingthepartialcomputationin theTLB.
Weshow thattheprimemodulohashinghaspropertiesthat
make it resistantto thepathologicalbehavior thatplagues
otheralternativehashingfunctions,while at thesametime
enableit to eliminateworstcasecon�ict misses.

Although the prime displacementhashinglacks the the-
oretical superiorityof the prime modulo hashing,it can
perform just as well in practicewhen the prime number



is carefully selected.In addition,theprimedisplacement
hashingcaneasilybe usedin conjunctionwith a skewed
associative cachethat usesmultiple hashingfunctionsto
further distribute the cacheset accesses.In this case,a
uniqueprimenumberis usedfor eachcachebank.

We use 23 memory intensive applicationsfrom various
sources,and categorize them into two classes:onewith
non-uniformcachesetaccessesandtheotherwith uniform
cachesetaccesses.Wefoundthaton theapplicationswith
non-uniformaccesses,theprimemodulohashingachieves
anaveragespeedupof 1.27. It doesnot slow down any of
the 23 applicationsexcept in onecaseby only 2%. The
primedisplacementhashingachievesalmostidenticalper-
formanceto theprimemodulohashingbut without slow-
ing down any of the23benchmarks.Bothmethodsoutper-
form an XOR basedindexing function, which obtainsan
averagespeedupof 1.21onapplicationswith non-uniform
cachesetaccesses.

Using multiple hashing functions, skewed associative
cachessometimesareableto eliminatemoremissesthan
usinga singlehashingfunction. However, we found that
the use of a skewed associative cacheintroducessome
pathologicalbehavior thatslows down someapplications.
A skewed associative cachewith the XOR-basedhash-
ing [18, 4, 19] obtainsan averagespeedupof 1.31 for
benchmarkswith non-uniformaccesses,but slows down
four applicationsby up to 9%. However, whenusingthe
prime displacementhashingthat we proposein conjunc-
tion with a skewedassociativecache,theaveragespeedup
improvesto 1.35,and the worst caseslowdown dropsto
7%.

Therestof thepaperis organizedasfollows.Section2 dis-
cussesthemetricsandidealpropertiesof a hashingfunc-
tion, which help in understandingthepathologicalbehav-
ior. Section3 discussesthe proposedhashingfunctions:
prime modulo and prime displacementand their imple-
mentations. Section4 describesthe evaluationenviron-
mentwhile Section5 discussestheresultsobtained.Sec-
tion 6 lists the relatedwork. Finally, Section7 concludes
thepaper.

2. Propertiesof Hashing Functions

In this section, we will describetwo metrics that are
helpful in understandingpathologicalbehavior of hashing
functions(Section2.1), andtwo propertiesthata hashing
function musthave in orderto avoid the pathologicalbe-
havior (Section2.2).

2.1. Metrics

The�rst metric thatestimatesthedegreeof thepatholog-
ical behavior is balance, which describeshow evenly dis-
tributedthe addressesareover the cachesets. The other

is concentration, which measureshow evenly thesetsare
usedoversmallintervalsof accesses.
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Figure1: Componentsof a block address��� .

Let ������� be the numberof sets in the cachethat is a
power of two. This implies that
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implying thateachblockaddressin thesequenceisunique.
Thus, the addresssequencedoesnot have any temporal
reuse(we will returnto this issuelater). Let , bea hash-
ing functionthatmapseachblock address�
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in Figure1.

Balance describeshow evenly distributed the addresses
areover the setsin thecache.Whengoodbalanceis not
achieved, the hashingfunction would be ineffective and
would causecon�ict misses.To measurethe balancewe
usea formulasuggestedby Aho, et al. [1]:
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where
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/ , rep-
resentsthesumof theweightsof all sets,but assuminga
perfectlyrandomaddressdistributionacrossall sets.Thus,
a lower
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�7698 value,with anidealvalueof 1, represents
betteraddressdistributionacrossthesets.

Concentration is alessstraightforwardmeasureandis in-
tendedto measurehow evenly thesetsareusedoversmall
intervalsof accesses.It is possibleto achievetheidealbal-
ancefor the entireaddresssequence�W�

�
�X�

�

�����������
�

� ,
yet con�icts canoccurif on smallerintervals thebalance
is notachieved.

To measureconcentration,we calculatethedistanceY

� as
the numberof accessesto the cachethat occur between
two accessesto a particular set and calculatethe stan-
darddeviation of thesedistances.More formally, Y

� for
an address�

� is the smallestpositive integer such that
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Usingstandarddeviation penalizesa hashingfunctionnot
only for re-accessinga setaftera small time periodsince
its last access( Y

� �

�����0� ), but also for a large time pe-
riod ( Y

� �

� ���0� ). Similar to the balance,the smallerthe
concentrationis, the betterthe hashingfunction is. The
concentrationof anidealhashingfunctionis zero.

In general,alternative hashingfunctionshave mostly tar-
getedthe ideal balance,but not the ideal concentration.
Achieving goodconcentrationis vital to avoid thepatho-
logicalbehavior for applicationswith high temporallocal-
ity. Assumethatasetreceivesaburstof accessesthatcon-
sistof distinctaddresses,then,thesetsuffersfrom con�ict
missestemporarily. If oneof the addresseshastemporal
reuse,it may have beenreplacedfrom the cacheby the
time it is re-accessed,creatingcon�ict misses.

2.2. Ideal Properties

In this section,we describethe propertiesthat shouldbe
satis�ed by an idealhashingfunction. Most applications,
evensomeirregularapplications,oftenhavestridedaccess
patterns.Giventhecommonoccurrenceof thesepatterns,
a hashingfunctionthatdoesnot achieve the idealbalance
andconcentrationwill causea pathological behavior. A
pathologicalbehavior ariseswhenthebalanceor concen-
tration of an alternative hashingfunction is worse than
thoseof the traditionalhashingfunction,often leadingto
slowdown.
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Property1: Ideal balance. For themodulobasedhashing
where, -
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 . For otherhashingfunc-
tions, suchasXOR-based,the ideal balancecondition is
harderto formulatebecausethehashingfunctionhasvar-
ious caseswherethe ideal balanceis not achieved (Sec-
tion 3.3).

Property2: Sequenceinvariance. A hashingfunction is
sequenceinvariant if and only if for any �

� , , -

�
�=/

#

, -

�
�

H��

/ implies , -

�
�

H

� /

#

, -

�
�

H�� H

�9/ .

The ideal concentrationis achieved when both the ideal
balanceandsequenceinvariancearesatis�ed. Therefore,

�

Thereare � accessesspreadideally across������� sets,so the total
distancebetweenaccessesis ����������� . Hence,the averageover the �

accessesis �������

theidealconcentrationis not achievedwhenthesequence
invarianceis not achieved. The sequenceinvariancesays
that once a set is re-accessed,the sequenceof set ac-
cesseswill preciselyfollow theprevioussequence.More-
over, whenthesequenceinvarianceis satis�ed,all thedis-
tancesbetweentwo accessesto the sameset are equal
to a constantY , indicating the absenceof a burst of ac-
cessesto a singleset for the stridedaccesspattern. Fur-
thermore,whenthe idealbalanceis satis�ed for themod-
ulo hashing,thentheconstantY is theaveragedistance,or

Y

#

1

#

�����0� .

It is possiblethata hashingfunctionsatis�esthesequence
invariancepropertyin most,but notall, cases.Suchafunc-
tion canbesaidto havepartial sequenceinvariance.

In Section3.3, we will show that prime modulohashing
function satis�es both propertiesexcept for a very small
numberof cases,whereasotherhashingfunctionsdo not
alwaysachieveProperty1 and2 simultaneously. Badcon-
centrationis a major sourceof the pathologicalbehavior
for alternativehashingfunctions.

3. Hashing Functions Basedon Prime Num-
bers

In this section,we describethe prime moduloandprime
displacementhashing functions that we propose(Sec-
tion 3.1 and3.2, respectively). We comparethemagainst
otherhashingfunctionsin Section 3.3

3.1. Prime Modulo HashingFunction

Prime modulo hashingfunctions, like any other modulo
functions,canbeexpressedas , -

���
/

#

��� mod �
����� . The

differencebetweenprimemodulohashingandtraditional
hashingfunctionsis that �

����� is a prime numberinstead
of a power of two. In general,�@�I�0� is the largestprime
numberthat is smallerthana power of two. The prime
modulo hashingfunctions that have beenused in soft-
warehashtables[1] andtheBSPmachine[10], have two
major drawbacks. First, they are consideredexpensive
to implementin hardwarebecauseperforminga modulo
operationwith a prime numberrequiresan integer divi-
sion [10]. Second,sincethenumberof setsin thephysi-
cal memory( �

�I�0� ����� � ) is likely a powerof two, thereare
�

#

�
���0� ��� ���

� �
���0� setsthatarewasted,causingfrag-

mentation. For example, the fragmentationin BSP is a
non-trivial 6.3%.

Sincewe targettheL2 cache,however, this fragmentation
becomesnegligible. Table1 shows that thepercentageof
the setsthat arewastedin an L2 cacheis small for com-
monlyusednumbersof thesetsin theL2 cache.Thefrag-
mentationfallsbelow 1%whenthereare512physicalsets
or more.This is dueto thefactthatthereis alwaysaprime
numberthatis verycloseto apowerof two.
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����� �������

��� ��� Fragmentation(%)

256 251 1.95%
512 509 0.59%
1024 1021 0.29%
2048 2039 0.44%
4096 4093 0.07%
8192 8191 0.01%
16384 16381 0.02%

Table1: Primemodulosetfragmentation.

Utilizing numbertheorywe cancomputetheprimemod-
ulo functionquickly withoutusinganintegerdivision. The
foundationfor the techniqueis taken from fast random
numbergenerators[13, 24]. Speci�cally, computing�

�

N

1

mod  where  is a Mersenneprimenumber(i.e.,  is
onelessthana power of two) canbeperformedusingadd
operationswithouta multiplicationor divisionoperation.

Since we are interestedin a prime number �@�I�0� that is
not necessarilyMersenneprime, we extend the existing
methodandproposetwo methodsof performingtheprime
modulooperationfastwithout any multiplication anddi-
vision. The �rst method,iterative linear, needsrecursive
stepsof shift, add, and subtract&selectoperations. The
secondmethod,polynomial, needsonly onestepof add,
andasubtract&selectoperation.

Subtract&select method. Computing the value of
1 mod �

����� is trivial if 1 is small.Figure2 showshow this
canbeimplementedin hardware. 1 , 1 � �

�I�0� , 1 � � �
�I�0� ,

1 �����
���0� , etc. areall fed asinput into a selector, which

choosesthe rightmostinput that is not negative. To im-
plementthis method,the maximumvalueof 1 shouldbe
known.

Adder

�n set

Adder

�2nsetx

setnx mod

x

Selector

x

. . .

Figure 2: Hardware implementation of the sub-
tract&selectmethod.
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Since �"!

� is much smaller than �
� , �"!

� mod ������� may be

computedusing the subtract&selectmethod(Figure 2).
Moreover, althoughequation3 containsa multiplication,
since

�

is a very small integer (at most 9, seeTable 1)
for mostcases,themultiplicationcaneasilybeconverted
to shift andaddoperations.For example,when
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a left shift operation.Finally, when �(!

� is still large,wecan
applyEquation3 iteratively to obtain ��! !

� , �)! ! !

� , etc.Thefol-
lowing theoremstatesthemaximumnumberof iterations
thatneedsto beperformedto computeacacheindex using
theiterative linearmethod.

Theorem 1. Given a * -bit addressand a cachewith
block/line size of + , the numberof iterationsneededto
compute� � mod �@���0� is,
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For example,for a 32-bit machinewith �
���0� ��� ���

#

� .0/21

and a 64-bytecacheline size, the prime modulocan be
computedwith only two iterations.However, with a64-bit
machine,it requires6 iterationsusing a subtract&select
with 3-inputselector, but requires3 iterationswith a 258-
inputselector.

Polynomial method. Becausein somecasesthe iterative
linear methodinvolvesmultiple iterations,we devise an
algorithmto computetheprime modulooperationin one
step.To achievethat,usingthesamemethodasin deriving
Equation3, we�rst express�

� asapolynomialfunctionof
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Note that �

�

� is much smaller than ��� , and is in general
smallenoughto derive theresultof theprimemodulous-
ing thesubtract&selectmethod(Figure2).

A specialbut restrictive caseis when � ���0� is a Mersenne
primenumber, in whichcase
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 . Then,Equation4 can
besimpli�ed further, leadingup to thesameimplementa-
tion asin [25]:
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It is possibleto use �@����� that is equalto �@���0� ��� ��� � 
 but
nota primenumber. Often,if � ���0� ��� ��� � 
 is not aprime
number, it is a productof two prime numbers. Thus, it
is at leasta goodchoicefor most stride accesspatterns.
However, it is beyond the scopeof this paperto evaluate
suchnumbers.

Comparingthe iterative linear and polynomial methods,
thepolynomialmethodallows smallerlatency in comput-
ing theprimemodulowhen

�

is small,especiallyfor 64-
bit machinesanda smallnumberof setsin thecache.The
iterative linearmethodis moredesirablefor low hardware
andpowerbudget,or when

�

is large.
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Figure3: Theinitial componentsof index calculation(a),
andthecomponentsafteroptimizations(b).

3.1.1. Hardware Implementation

To illustratehow the prime modulo indexing canbe im-
plementedin hardware,let us consideran L2 cachewith
64 byteblocksand2048( #
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���

) numberof physicalsets
and2039( #
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�X�
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# ) numberof sets.Therefore,6 bitsare
usedas the block offset, while the tag canbe broken up
into threecomponents:11-bit 1 ( 1
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). Accordingto Equation4, the cacheindex can
becalculatedas & �7Y 8 1
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. Thebinary
representationof 9 and81 are '1001' and'1010001', re-
spectively. Therefore,Figure3ashows that the index can
becalculatedasthesumof six numbers.This canbesim-
pli�ed further. Thehighestthreebits of the third number
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/ in the
modulospace.Furthermore,someof thenumberscanbe
addedinstantlyto �ll in thebits thathavezerovalues.For
example,the fourth and the �fth numbersare combined
into a singlenumber. Theresultingnumbersareshown in
Figure3b. Thereareonly � venumbers(A throughE) that
needto beadded,with up to 11bits each.

Wired Permutation
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2�input Sub&Select
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L2
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11108
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611114

Address
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114

L1 Miss

New Index

L1 Access

D E C B A
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x2 1

Figure4: Hardwareimplementationof theprimemodulo
hashingusingthepolynomialmethodfor � �������
	

E���


on
a 32-bitmachine

Figure4 shows how theprime modulohashingcomputa-
tion �ts with theoverallsystem.The�gure showshow the
new index is computedfrom theadditionof the � ve num-
bers(A throughE in Figure3b). A andB aredirectlytaken
from theaddressbits, while C, D, andE areobtainedby
wired permutationof thetagpartof theaddress.Thesum
of the� ve numbersis thenfed into a subtract&selectwith
a 2-inputselector. Only 2 inputsareneededby theselec-
tor becausethe maximumvalueof the additioncanonly
beslightly larger than2039. Thereasonfor this is that in
computingtheaddition,any intermediatecarryout canbe
convertedto 9 andbeaddedto othernumbers(Equation4).



The�gure alsoshows thattheprimemodulocomputation
canbe overlappedwith L1 cacheaccesses.On eachL1
cacheaccess,the prime moduloL2 cacheindex is com-
puted. If the accessresultsin an L1 cachemiss,the new
L2 cacheindex hasbeencomputedandis readyfor use.
Theprimemodulocomputationis simpleenoughthat the
L2 accesstime is not likely impacted.

If a TLB is accessedin parallel with the L1 cache,the
primemodulocomputationcanbepartially cachedin the
TLB, simplifying thecomputationfurther. A physicalad-
dressconsistsof the pageindex andthe pageoffset. To
computetheprimemoduloL2 cacheindex, we cancom-
putethepageindex moduloindependentlyfrom thepage
offsetmodulo. On a TLB miss,theprime moduloof the
missedpageindex is computedandstoredin thenew TLB
entry. This computationis not in thecritical pathof TLB
access,anddoesnot requiremodi�cationsto theOS' page
table. On an L1 miss, the pre-computedmodulo of the
pageindex is addedwith the pageoffset bits that arenot
part of L2 block offset. For example,if the pagesize is
4KB, thenonly 
 � ���

#

� bits of the pageoffsetneeds
to beaddedto the11-bit pre-computedmodulo,followed
by a subtract&selectoperationto obtaintheL2 cachein-
dex. This is a very simpleoperationthatcanprobablybe
performedin muchlessthanoneclockcycle.

3.2. Prime DisplacementHashingFunction

In theprimedisplacementhashing,thetraditionalmodulo
is performedafteranoffset is addedto theoriginal index

1

� . Theoffsetis theproductof anumber� andthetag �

� .

�

�
�

� � � ���

���

�"����� � mod � ����� (6)

This new hashingfunction is basedon hashingfunctions
in Aho, etal. [1], andis relatedto Raghavan'sRANDOM-
H functions[14], with themaindifferencebeingtheir use
of non-constantoffset, resultingin not satisfyingthe se-
quenceinvarianceproperty. Primedisplacementhashing
functionscan easily be implementedin hardwarewith a
narrow truncatedadditionif a primenumberwith few 1's
in its binaryrepresentationis usedas�

�

.

Oneadvantageof theprimedisplacementhashingfunction
comparedto theprimemodulohashingfunctionis thatthe
complexity of calculatingthecacheindex in theprimedis-
placementhashingfunction is mostly independentof the
machinesizes.This makesit trivial to implementin ma-

5 We hadoriginally consideredthata primenumberwould work best
for p, hencethe namePrime Displacementwas introduced. But, tech-
nically an odd numbermoduloa power of two forms a modulomulti-
plication group ��� [17] andassuchthey areall invertible so noneof
themareprime in a technicalsense.In practice,it is alsonot the case
thatprimenumbersarenecessarilybetterchoicesfor 	 thanordinaryodd
numbers.

chineswith 64-bit or largeraddressing.

3.3. Comparisonof Various HashingFunctions

Before we compareour hashing functions with exist-
ing ones,we brie�y overview existing hashingfunctions.
The traditional hashingfunction , ��

�

� is a very simple
modulo basedhashingfunction. It can be expressedas

,T��

�

�

#

1

� or equivalently as ,V��
��

�

-

� �M/

#

� � mod
������� ����� � . Pseudo-randomhashingrandomizesaccesses
to cachesets.Examplesof thepseudo-randomhashingare
XOR-basedhashingfunctions,which areby far the most
extensively studied[15, 16, 23, 22, 26, 11, 18, 4, 19]. We
chooseone of the most prominentexamples: ,.-

� �0/

#

2

���

1

� , where� representsthebitwiseexclusiveORop-
erator. In askewedassociativecache, thecacheitself is di-
videdinto banksandeachbankis accessedusinga differ-
enthashingfunction. Here,cacheblocksthataremapped
to thesamesetin onebankaremostlikely not to mapto
thesamesetin theotherbanks.Seznecproposesusingan
XOR hashingfunction in eachbankafter a circular shift
is performedto the bits in 2

� [18, 4, 19]. The numberof
circular shifts performeddiffersbetweenbanks. This re-
sultsin a form of a perfectshuf�e. We proposeusingthe
primedisplacementhashingfunctionsin a skewedcache.
To ensureinter-bankdispersion,a differentprimenumber
for eachbankis used.

Table2 comparesthevarioushashingfunctionsbasedon
thefollowing:

� whentheidealbalanceis achieved,

� whetherthey satisfy the sequenceinvarianceprop-
erty,

� whethera simple hardware implementationexists,
and

� whetherthey placerestrictionsonthereplacemental-
gorithm.

The major disadvantageof the traditionalhashingis that
it achievesthe idealbalanceonly whenthestrideamount


 is odd, where ��69Y -



�

���I�0�

/

#


 . When the ideal bal-
anceis satis�ed,however, it achievesthe idealconcentra-
tion becauseit satis�es the sequenceinvarianceproperty.
Notethatfor acommonunit stride � 
 , it hastheidealbal-
anceandconcentration.Thus,any hashingfunctionsthat
achieve lessthan the ideal balanceor concentrationwith
unit stridesareboundto haveapathologicalbehavior.

XOR achievestheidealbalanceonmoststrideamounts
 ,
but always haslessthan the ideal concentrationbecause
it doesnot satisfythesequenceinvarianceproperty. This
is becausethe sequenceof setaccessesis never repeated
dueto XOR-ingwith differentvaluesin eachsubsequence.



Characteristics SingleHashingFunction Multiple HashingFunctions
Traditional XOR pMod pDisp Skewed Skewed+ pDisp

Idealbalancecondition � odd various all sexcept ���

���

� ����� Most odd,all even � None None
Sequenceinvariant? Yes No Yes Partial No No
SimpleHw Impl. Yes Yes Yes Yes Yes Yes
Replacement Alg.
Restriction

No No No No Yes Yes

Table2: Qualitativecomparisonof varioushashingfunctions:traditional,XOR, primemodulo(pMod),primedisplace-
ment(pDisp),skewed associative cachewith circular-shift andXOR (Skewed) [18, 4, 19], andour skewed associative
cachewith primedisplacement(Skewed+ pDisp).

Thus, it is proneto the pathologicalbehavior. Thereare
variouscaseswheretheXOR hashingdoesnotachievethe
idealbalance.Onecaseiswhen


#

� ���0� � 
 . Forexample,
with 


#


�� and � ���0�

#


 � (asin a4-way4KB cachewith
64bytelines),it will accesssets0, 15,15,15,.... Not only
that, a stride of 3 or 5 will also fail to achieve the ideal
balancebecausethey are factorsof 15. This makes the
XOR a particularlybadchoicefor indexing theL1 cache.

Theprimemodulohashing(pMod) achievestheidealbal-
anceand concentrationexcept for very few cases. The
ideal balanceis achieved because��69Y -



�

� ���0�

/

#


 ex-
cept when 
 is a multiple of �

���0� . The ideal concentra-
tion is achieved because, -

���
/

#

, -
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with the strideamount 
 . This makesthe prime modulo
hashingan ideal hashingfunction. As we have shown in
Section3.1,fasthardwareimplementationsexist.

Theprimedisplacementhashing(pDisp) achievesanideal
balancewith evenstridesandmostoddstrides.Although
it doesnot satisfy the sequenceinvarianceproperty, the
distancebetweentwo accessesto the sameset is almost
always constant. That is, for all but one set in a sin-
gle subsequence,, -

�
�0/

#

, -

�
�

H��

/ implies , -

�
�

H

� /

#

, -

�
�

H�� H

�9/ . Furthermore,1

#

�@���0� � � , where � is the
prime numberused. Thus, it partially satis�es the se-
quenceinvariance.

Skewedassociative cachesdo not guaranteethe idealbal-
anceor concentration,whetherthey usethe XOR-based
hashing (Skewed), or the prime displacementhashing
(Skewed+pDisp). However, probabilistically, theaccesses
will bequitebalancedsinceanaddresscanbemappedto
a differentplacein eachbank. A disadvantageof skewed
associative cachesis the fact that they make it dif�cult to
implementa leastrecentlyused(LRU) replacementpolicy
andforceusingpseudo-LRU policies. Thenon-idealbal-
anceandconcentration,togetherwith theuseof apseudo-
LRU replacementpolicy, makeaskewedassociativecache
proneto thepathologicalbehavior, althoughit workswell
on average. Later, we will show that skewed cachesdo
degradetheperformanceof someapplications.

Finally, althoughnot describedin Table 2, someother
hashingfunctions,suchas all XOR-basedfunctionsand

random-h[14, 15, 16, 20, 8, 7, 26, 11], arenot sequence
invariant,andthereforedonotachievetheidealconcentra-
tion.

4. Evaluation Envir onment

Applications. To evaluate the prime hashing func-
tions, we use 23 memory-intensive applications from
various sources: bzip2, gap, mcf, and parser from
Specint2000[21], applu,mgrid, swim, equake, andtom-
catv from Specfp2000and Specfp95 [21], mst from
Olden, bt, ft, lu, is, sp, and cg from NAS [12], sparse
from Sparsebench[6], and tree from the University of
Hawaii [3]. Irr is an iterative PDE solver usedin CFD
applications.Charmmis a well known moleculardynam-
icscodeandmoldynis its kernel.Nbf is a kernelfrom the
GROMOSmoleculardynamicsbenchmarks.And, euleris
a 3D Eulerequationsolver from NASA.

We categorize the applicationsinto two groups: a group
where the histogramof numberof accessesto different
setsare uniform, and those that are not uniform. Let

�

�
�

�

�

��� ���9�

�

�
;M<5>

representthefrequency of accessesto the
sets 


�

�

��� ���E�

�@���0� in theL2 cache.An applicationis con-
sideredto haveanon-uniformcacheaccessbehavior if the
ratio 
 2�Y 8
	 -

�

�0/���


�

is greaterthan0.5. Applicationswith
non-uniformcachesetaccesseslikely suffer from con�ict
misses,and hencealternative hashingfunctionsare ex-
pectedto speedthemup.

Amongthe23applications,we foundthat30%of them(7
benchmarks)arenon-uniform:bt, cg, ft, irr, mcf, sp,and
tree.

Simulation Envir onment. The evaluationis doneusing
anexecution-drivensimulationenvironmentthatsupports
adynamicsuperscalarprocessormodel[9]. Table3 shows
the parametersusedfor eachcomponentof the architec-
ture.Thearchitectureis modeledcycleby cycle.

Prime Numbers. The prime modulo function usesthe
primenumbershown in Table1. Theprimedisplacement
functionusesa number9 whenit is usedasa singlehash-
ing function. When usedin conjunctionwith a skewed
associativecachethenumbersthatareusedfor eachof the
four cachebanksare9, 19,31,and37. Althoughthenum-
ber9 is notprime,it is selectedfor thereasonexplainedin



PROCESSOR
6-issuedynamic.1.6GHz. Int, fp, ld/stFUs: 4, 4, 2
Pendingld, st: 8, 16. Branchpenalty:12cycles

MEMORY
L1 data:write-back,16KB, 2 way, 32-B line, 3-cycle hit RT
L2 data:write-back,512KB, 4 way, 64-B line, 16-cycle hit RT
RT memorylatency: 243cycles(row miss),208cycles(row hit)
Memorybus: split-transaction,8 B, 400MHz, 3.2GB/secpeak
Dual channelDRAM. Eachchannel:2 B, 800 MHz. Total: 3.2

GB/secpeak
Randomaccesstime (tRAC): 45ns
Time from memorycontroller(tSystem): 60ns

Table3: Parametersof thesimulatedarchitecture.Laten-
ciescorrespondto contention-freeconditions. RT stands
for round-tripfromtheprocessor.

Section3.2.

5. Evaluation

In this section,we presentanddiscusssix setsof evalu-
ation results. Section5.1 shows the balanceandconcen-
tration for four different hashingfunctions. Section5.2
presentstheresultsof usinga singlehashingfunction for
the L2 cache,while Section5.3 presentsthe resultsof
usingmultiple hashingfunctionsin conjunctionwith the
skewed associative L2 cache. Section5.4 provides an
overall comparisonof the hashingfunctions. Section5.5
shows the miss reductionachieved by the hashingfunc-
tions.Finally, Section5.6presentscachemissdistribution
of treebeforeandafterapplyingtheprimemodulohashing
function.

5.1. Balanceand Concentration
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Figure5: Balancefor theTraditionalHashing(a), Prime
Modulo Hashing(b), Prime DisplacementHashing(c),
andXOR Hashing(d)

Figure 5 shows the balancevaluesof the four different
hashingfunctionsusing a syntheticbenchmarkthat pro-
ducesonly stridedaccesspatterns.The stridesizeis var-
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Figure6: Concentration:TraditionalHashing(a), Prime
Modulo Hashing(b), Prime DisplacementHashing(c),
andXOR Hashing(d)

ied from 1 to 2047. The maximumbalancedisplayedin
the vertical axes in the �gure is limited to 10 for easy
comparison. Note that small stridesare more likely to
appearin practice. Therefore,they are more important
than large strides. The balancevaluesfor the traditional
and prime modulo hashingfunctions follow the discus-
sion in Section3.3. In particular, the traditionalhashing
functionsuffersfrom badbalancevalueswith evenstrides,
but achievesperfectbalancewith oddstrides. The prime
moduloachievesperfectbalance,exceptwhenthe stride
is equal to �

����� , which in this caseis 2039. XOR and
Prime displacementhashingalso have the ideal balance
with moststrides. Both have variouscasesin which the
stride size causesnon-idealbalance. The non-idealbal-
anceis clusteredaroundthe small strideswith the XOR
function,whereasit is concentratedtowardthemiddlefor
the prime displacementfunction. Thus, in practice,the
primedisplacementis superiorto theXOR hashingfunc-
tion.

Figure 6 shows the concentrationfor the samerangeof
stridesize. As expected,the traditionalhashingfunction
suffersfrom very badconcentrationwith evenstrides,but
achievesperfectconcentrationwith oddstrides.TheXOR
andprimedisplacementhashingfunctionsalsosuffer from
badconcentrationfor many strides.This is becauseprime
displacementhashingis only partially sequenceinvariant.
Sincethe prime modulohashingis sequenceinvariant, it
achieves ideal concentrationexcept for the stride equal
to ���I�0� . Hence,for stridedaccesses,we can expect the
prime modulohashingto have the bestperformancebe-
tweenour four hashingfunctions. More importantly, the
prime modulo hashingalso achieves ideal concentration
with odd stridesthe sameway asthe traditionalhashing.
Hence,we can expect that the prime modulohashingis



resistantto the pathologicalbehavior. The XOR hashing
function may outperformthe traditionalhashingon aver-
age. However, it cannotmatchthe ideal concentrationof
the traditionalhashingwith oddstrideamount.Thusit is
proneto thepathologicalbehavior.

5.2. SingleHashingFunction Schemes
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Figure7: Performanceresultsof singlehashingfunctions
for applicationswith non-uniformcacheaccesses

Figure7 and8 show the executiontime of eachapplica-
tion with non-uniformcacheaccessesanduniform cache
accesses,respectively. Each�gure comparesthe execu-
tion time with different hashingfunctions: a traditional
hashingfunctionwith 4-way associative L2 cache(Base),
a traditional hashingfunction with an 8-way associative
same-sizeL2 cache(8-way), the XOR hashingfunction
(XOR), the prime modulohashingfunction (pMod), and
the prime displacementhashingfunction (pDisp) as de-
scribedin Section3.3. Theexecutiontime of eachcaseis
normalizedto Base. All barsaredividedinto: executionof
instructions(Busy), stall time dueto variouspipelinehaz-
ards(OtherStalls), andstall time dueto memoryaccesses
(MemoryStall).

Both Figure 7 and 8 show that increasingthe L2 cache
associativity to 8-way only improves the executiontime
marginally, with theexceptionof tree. This is mainly be-
causedoublingassociativity but keepingthe samecache
sizereducesthenumberof setsin half. In turn, this dou-
blesthe numberof addressesmappedto a set. Thus, in-
creasingcacheassociativity without increasingthe cache
sizeis notaneffectivemethodto eliminatecon�ict misses.

Comparingthe XOR, pMod, and pDisp for applications
with non-uniformcacheaccessesin Figure7, they all im-
prove executiontime signi�cantly, with both pMod and
pDisp achieving an averagespeedupof 1.27. It is clear
that pMod and pDisp perform the best, followed by the
XOR. AlthoughXORis certainlybetterthanBase, its non-
idealbalancefor smallstridesandits non-idealconcentra-
tion hurt its performancesuchthatit cannotobtainoptimal
speedups.For applicationsthat have uniform cacheac-
cessesin Figure8, the sameobservationgenerallyholds.
However, 8-way slows down mst by 2%, and XOR and

pModslow down sparseby 2%. Someotherapplications
haveslight speedups.

5.3. Multiple HashingFunctionsSchemes

Figure9 and10 show theexecutiontimesof applications
with non-uniformcacheaccessesanduniform cacheac-
cesses,respectively whenmultiple hashingfunctionsare
used. Each�gure comparesthe executiontime with dif-
ferent hashingfunctions: a traditional hashingfunction
with 4-wayassociativeL2 cache(Base), theprimemodulo
hashingthat is thebestsinglehashingfunctionfrom Sec-
tion 5.2(pMod), theXOR-basedskewedassociativecache
proposedby Seznec[19] (SKW), andtheskewedassocia-
tive cachewith the prime displacementfunction that we
propose(skw+pDisp) asdescribedin Section3.3. Theex-
ecutiontime of eachcaseis normalizedto Base.

Theskewedassociativecaches(SKWandskw+pDisp) are
basedon Seznec's designthat usesfour direct-mapped
cachebanks. The replacementpolicy is calledEnhanced
Not RecentlyUsed(ENRU) [19]. Theonly differencebe-
tweenSKWandskw+pDispis the hashingfunction used
(XOR versusprime displacement).We have alsotried a
different replacementpolicy called NRUNRW (Not Re-
cently UsedNot RecentlyWritten) [18]. We found that
it givessimilar results.

Figure9 and10 show that pMod sometimesoutperforms
andis sometimesoutperformedby SKWandskw+pDisp.
With cg and mst, only the skewed associative schemes
areableto obtainspeedups.This indicatesthat thereare
somemissesthat the strided accesspatternscannotac-
countfor, andthis type of missescannotbe tackledby a
singlehashingfunction.Onaverage,skw+pDispperforms
the best,followed by SKW, andthencloselyfollowedby
pMod. The extra performancefor the applicationswith
non-uniformaccesses,however, comesat the expenseof
having thepathologicalbehavior for the applicationsthat
have uniform accesses(Figure 10). For example,SKW
slows down six applicationsby up to 9% (bzip2,charmm,
is, parser, sparse,andirr), while skw+pDispslows down
threeapplicationsby up to 7%(bzip2,mgrid,andsparse).

Normalized Execution Times

0
0.2
0.4
0.6
0.8

1
1.2

B
as

e
pM

od
S

K
W

sk
w

+
pD

is
p

B
as

e
pM

od
S

K
W

sk
w

+
pD

is
p

B
as

e
pM

od
S

K
W

sk
w

+
pD

is
p

B
as

e
pM

od
S

K
W

sk
w

+
pD

is
p

B
as

e
pM

od
S

K
W

sk
w

+
pD

is
p

B
as

e
pM

od
S

K
W

sk
w

+
pD

is
p

B
as

e
pM

od
S

K
W

sk
w

+
pD

is
p

B
as

e
pM

od
S

K
W

sk
w

+
pD

is
p

bt cg ft irr mcf sp tree Avg

Busy Other Stalls Memory Stall

Figure9: Performanceresultsof multiple hashingfunc-
tionsfor applicationswith nonuniformcacheaccesses
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Figure8: Performanceresultsof singlehashingfunctionsfor applicationswith uniformcacheaccesses
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Figure10: Performanceresultsof multiple hashingfunctionsfor applicationswith uniformcacheaccesses

Cache Uniform Apps NonuniformApps Patho.
Hashing min,avg,max min,avg,max Cases

XOR 0.98,1.00,1.01 1.00,1.21.2.09 1
pMod 0.98,1.00,1.05 1.00,1.27,2.34 1
pDisp 1.00,1.01,1.05 1.00,1.27,2.32 0

SKW 0.91,1.00,1.12 0.99,1.31,2.55 4
skw+pDisp 0.93,1.01,1.12 1.00,1.35,2.63 4

Table4: Summaryof thePerformanceImprovementof the
DifferentCacheCon®gurations

5.4. Overall Comparison

Table4 summarizestheminimum,average,andmaximum
speedupsobtainedby all thehashingfunctionsevaluated.
It also shows the numberof pathologicalbehavior cases
thatresultin aslowdown of morethan1%whencompared
to the traditional hashingfunction. In termsof average
speedups,skw+pDispis thebestamongthemultiplehash-
ing function schemes,while pMod is the bestamongthe
singlehashingfunctionschemes.In termsof pathological
cases,however, the singlehashingfunction schemesper-
form betterthan the multiple hashingfunction schemes.
Thisis dueto worseconcentrationandprobablyin partdue
to pseudo-LRU schemeusedin skewedassociativecaches.
In summary, the prime modulo and prime displacement
hashingstandout as excellent hashingfunctionsfor L2
caches.

5.5. Miss Reduction

Figures 11 and 12 show the normalized number of
L2 cachemissesfor the 23 benchmarksusing a tradi-
tional hashingfunction(Base), theprimemodulohashing
function (pMod), the prime displacementhashingfunc-
tion (pDisp), a skewed cacheusing prime displacement

(skw+pDisp), and a fully-associative cacheof the same
size (FA). The numberof missesare normalizedto the
(Base).
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Figure 11: Normalizednumber of missesfor several
hashingfunctionsfor applicationswith non-uniformcache
accesses

Figure 11 shows thatour proposedhashingfunctionsare
onaverageableto removemorethan30%of theL2 cache
misses.In someapplicationssuchasbt andtree,they elim-
inatenearlyall thecachemisses.Interestingly, skw+pDisp
is ableto remove morecachemissesthana fully associa-
tivecachein cg,indicatingthatin somecasesit canremove
somecapacitymisses.

Figure 12 shows that mostof the applicationsthat have
uniform cacheaccessesdo not have con�ict misses,and
thus do not bene�t from a fully-associative cache,ex-
cept for charmm and euler. The �gure highlights the
pMod's and pDisp's resistanceto pathologicalbehavior.
pModdoesnot increasethecachemissesevenfor applica-
tions that alreadyhave uniform cacheaccessesdueto its
idealbalanceandconcentration.AlthoughpDispdoesnot
achieveanidealconcentration,its partialsequenceinvari-
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Figure12: Normalizednumberof missesfor severalhashingfunctionsfor applicationswith uniform cacheaccesses

ancepropertyhelpsit to achieve a very goodconcentra-
tion andin practiceperformsjust aswell aspMod. This
is in contrastto skw+pDisp, which increasesthe number
of missesby up to 20% in 6 applications(bzip2, mgrid,
parser, sparse,swim, tomcatv). This again shows that
skewed associative cachesare proneto pathologicalbe-
havior, althoughthey are able to remove somecapacity
misses.

5.6. CacheMissesDistrib ution for tr ee

Fromprevious�gures, treeis theapplicationwherepMod
andpDisp performthe best,both in termsof missreduc-
tion andspeedup.Figure13 shows thedistribution of L2
cachemissesover the cachesetsfor treeusingboth tra-
ditional hashingandprimemodulohashing.In the tradi-
tional hashingcase,Figure 13a shows that the vast ma-
jority of cachemissesin tree are concentratedin about
10% of the sets. This is due to an unbalanceddistribu-
tion of cacheaccessesin tree, causingsomecachesets
to be over-utilized andsuffer from many con�ict misses.
By distributing the accessesmore uniformly acrossthe
sets,pModis ableto eliminatemostof thosemisses(Fig-
ure13b).
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Figure13: Distribution of missesacrossthe cachesets
for treeusing(Base) hashing(a)andpModhashing(b).

6. RelatedWork

Prior studies showed that alternative cache index-
ing/hashingfunctionsareeffectivein reducingcon�icts by
achievingamoreuniformaccessdistributionacrosstheL1
cachesets[18, 4, 22, 23], L2 cachesets[19], or themain
memorybanks[14, 10, 15, 16, 20, 8, 7, 26, 11]. Most

of theprior hashingfunctionspermutetheaccessesusing
someform of XOR operations.We foundthatXOR oper-
ationstypically do not achieve anidealconcentrationthat
is critical to avoiding pathologicalbehavior understrided
accesspatterns.

Althoughprime-basedhashinghasbeenproposedfor soft-
warehashtablesasin [1], its usein the memorysubsys-
temhasbeenvery limited dueto its hardwarecomplexity
thatinvolvestrueintegerdivisionoperationsandfragmen-
tationproblems.BudnickandKuck�rst suggestedusinga
primenumberof memorybanksin parallelcomputers[5],
which was later developedinto the BorroughsScienti�c
Processor[10]. YangandYangproposedusingMersenne
primemodulohashingfor cacheindexing for vectorcom-
putation[25]. SinceMersenneprimenumbersaresparse,
e.g. � 
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��� ��� , using them signi�cantly restrictsthe numberof

cachesetsthatcanbeimplemented.Wederiveamoregen-
eral solutionthat doesnot assumeMersenneprime num-
bersandshow that prime modulohashingcanbe imple-
mentedfast on any numberof cachesets. In addition,
we presenta prime displacementhashingfunction that
achieves comparableperformanceand robustnessto the
primemodulohashingfunction.

Compileroptimizationshave alsotargetedcon�ict misses
by paddingthedatastructuresof aprogram.Oneexample
is thework by Bacon,et. al. [2], who tried to �nd theop-
timal paddingamountto reducecon�ict missesin caches
andTLBs in aloopnest.They triedto spreadcachemisses
uniformly acrossloop iterationsbasedon pro�ling infor-
mation. Sincethe con�ict behavior is often input depen-
dentanddeterminedatruntime,theirapproachhaslimited
applicability.

7. Conclusions

Even though using alternative cache indexing/hashing
functionsis a populartechniqueto reducecon�ict misses
by achieving a more uniform cacheaccessdistribution
acrossthesetsin thecache,no prior studyhasreally ana-
lyzedthepathologicalbehavior of suchhashingfunctions
thatoftenresultin performancedegradation.



We presentedanin-depthanalysisof thepathologicalbe-
havior of hashingfunctionsandproposedtwo new hashing
functionsfor theL2 cachethat areresistantto the patho-
logical behavior and yet are able to eliminate the worst
casecon�ict behavior. The primemodulohashingusesa
prime numberof setsin the cache,while the prime dis-
placementhashingaddsan offset that is equalto a prime
numbermultiplied by the tag bits to the index bits of an
addressto obtaina new cacheindex. Thesehashingtech-
niquescan be implementedin fast hardware that usesa
setof narrow addoperationsin placeof true integerdivi-
sionandmultiplication. This implementationhasnegligi-
blefragmentationfor theL2 cache.Weevaluatedourtech-
niqueswith 23 applicationsfrom varioussources.For ap-
plicationsthathave non-uniformcacheaccesses,both the
primemoduloandprimedisplacementhashingachievean
averagespeedupof 1.27,practicallywithoutslowing down
any of the23benchmarks.

Although lacking the theoreticalsuperiorityof the prime
modulo,whentheprimenumberis carefullyselected,the
primedisplacementhashingperformsjust aswell in prac-
tice. In addition, the prime displacementhashingcan
easily be usedin conjunctionwith a skewed associative
cache,which usesmultiple hashingfunctions to further
distribute the cacheaccessesacrossthe setsin thecache.
TheprimedisplacementhashingoutperformsXOR-based
hashingusedin prior skewedassociative caches.In some
cases,the skewed associative L2 cachewith prime dis-
placementhashingis ableto eliminatemoremissescom-
paredto usingasinglehashingfunction. It showsanaver-
agespeedupof 1.35for applicationsthathavenon-uniform
cacheaccesses.However, it introducessomepathological
behavior that slows down four applicationsby up to 7%.
Therefore,an L2 cachewith our prime moduloor prime
displacementhashingfunctionsis apromisingalternative.
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